We present first phenomenological characterizations of the pressure-volume relationships (a) in veins excised from dogs under anesthesia and (b) in thinwalled latex tubes. We measured their cross-sectional areas and perimeters from cinefluorographic enlargements during distension. From flattened to circular CTOSS sections, the perimeter of latex tubes remained constant while the area increased exclusively by bending of the walls. Compliance was large in this regime. After circular cross sections were reached, further increases in area were associated with increments in perimeter and there was stretching of the wall. Compliance declined sharply. Veins did not show a distinct two-regime behavior but a combination of bending and stretching which extended the region of large compliance to values of transmural pressure of physiological interest. Using classical theory of elasticity, we propose mathematical relationships describing the proportionality between the pressure and the curvature of the wall during the regime where bending is the primary controlling mechanism. We mechanized these relationships on an analog computer and correlated the solutions with the physical experiments. We conclude that no modulus of elasticity, alone, can relate the pressure and the volume when bending is predominant. In this regime the significant quantity is the modulus of flexural rigidity. IP = (pj -p e ); p, = internal pressure; p e = external pressure. Note that p t and p e are measured gauge pressures on the inside and outside of the tube. P = 0 does not necessarily mean zero load on the wall since the measured gauge pressures do not reveal stresses in the wall due to its own weight.
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• Veins and other potentially cylindrical body structures with very small thickness-toradius ratio (h/r) lose their circular cross section when the transmural pressure ( ? ) approaches zero. 1 The physiological interest of Prom Surgical Research Laboratories, Lenox Hill Hospital and Departments of Surgery, Lenox Hill Hospital and New York University School of Medicine, New York, New York 10021, Department of Civil Engineering, Rutgers University, New Brunswick, N. J., State University of New York, Downstate Medical Center, School of Medicine, and Moore School of Electrical Engineering, University of Pennsylvania, Philadelphia, Pennsylvania.
Received August 3, 1970 ; accepted for publication October 13, 1970 . IP = (pj -p e ); p, = internal pressure; p e = external pressure. Note that p t and p e are measured gauge pressures on the inside and outside of the tube. P = 0 does not necessarily mean zero load on the wall since the measured gauge pressures do not reveal stresses in the wall due to its own weight.
this particular value of P separates these structures from the general case of thin-walled cylinders capable of losing their circular cross section at less physiological levels of P.
Characteristic pressure-volume and pressure-flow relationships in veins and equivalent structures arise from such loss of a circular cross section at or near zero P \ Here, we restrict our examination to pressure-volume relationships during distension 2 and submit that the proportionality between the pressure and the volume cannot be embodied into conventional elastic moduli that would remain valid over the entire range of physiological interest.
We present first a phenomenological charac-2 As used here, the term describes the phase of filling of veins in which bending is the primary controlling mechanism.
MORENO, KATZ, GOLD, REDDY
terization of the pressure-volume relationship for the excised inferior vena cava of dogs and for thin-walled latex tubes of equivalent thickness-to-radius ratio. In the neighborhood of zero P, both structures show the similarity of the primary controlling mechanism, i.e., deflection or bending of their walls while their crosssectional areas change from oval to circular configurations. However, our experiment shows also that the perimeter of the latex tubes remains constant during this phase of distension whereas the perimeter of veins undergoes significant and steady changes. In the latex tubes, with constant perimeter, there is no stretching of the wall and the proportionality between the pressure and the volume depends not only on the elastic modulus of the wall but also on its bending moment and its moment of inertia. In this regime, they exhibit a large volume compliance. Once their cross-sectional area becomes circular, there is a sudden transition to a different regime, i.e., stretching of a thin ring by increasing its perimeter. Here, their volume compliance diminishes drastically.
From our data we cannot characterize distension of veins as a distinct two-regime phenomenon. Veins exhibit a more complex behavior in which bending and stretching combine subtly during a relatively wide region of large volume compliance extending well into the range of physiological interest of P. Eventually, and through a rather smooth transition, the regime of pure stretching obtains and the volume compliance decreases steadily. The transition occurs at a point where the initial volume at zero P has almost doubled. At this point, the bending stresses in the wall become small relative to the stresses due to stretching, and as in the theory of thin membranes, we can neglect the bending moment. This is a safer region for those who wish to relate the proportionality between the pressure and the volume to the properties of the wall by some incremental or tangential modulus of elasticity taken at the operating point. This can be done by using either the theory of infinitesimal or finite deformations. Although this region is of less physiological interest, it may prove important under pathological conditions. Again, in this regime, the scrutiny of the mechanical properties of the wall becomes more amenable for those preferring either conventional or tensor analysis.
In this report, we have limited our discussion to the regime where bending was the primary mechanism and, using the classical theory of elasticity, proposed mathematical relationships describing the change in curvature of the wall under pressure during this phase of distension of thin-walled tubular structures. Then, by computing the area under the closed curve, we obtained the proportionality between the pressure and the cross-sectional area of the tube. For this immediate purpose, we neglected the characteristic properties of living materials undergoing stresses and strains, i.e., their time, rate, and memory dependence. To introduce some quantities of interest for our development we use first, as a frame of reference, elementary theory for bending of straight beams (infinitesimal deformations, linear stress-strain relationships). Consider now an idealized annular section of unit length removed from the center of a long, thin-walled, cylindrical tube (IIr > > 10); h / r < 0 . 2 ) as in Figure lb . Under these assumptions, the changes in curvature when this annulus is under load will be identical to the changes in the adjacent annuli in the long tube. From symmetry, it is sufficient to examine the behavior of one-half of the annulus. With appropriate boundary conditions at the ends we can consider this half annulus as a slender beam. 
where K is the curvature, p the radius of curvature, M the bending moment, E the modulus of elasticity, and I the second moment (moment of inertia) of the cross-sectional area of the wall. The product El defines the resistance to bending of the wall, i.e., its degree of flexural rigidity. 3 A definition of bending moment (M) is illustrated more clearly in the case of a simple cantilever beam with a concentrated load at its 3 AMiough equation 1 describes the change in curvature for a beam which is straight in the unstressed state, it has been shown (1) that for the special case of thin-curved beams, the change in curvature approaches the same expression as that obtained for initially straight beams. The moment of inertia (I) for a rectangular configuration of the cross section of the wall is (1):
where b is the width and h is the thickness of the wall (Figure le) . These relationships show why a thin ruler, made of steal, a stiff material of high E, cannot be stretched with the pull of our hands ( distance along the beam is no longer straightforward. However, by resorting to a powerful development in Love (2) 4 the governing equation becomes:
where r is the distance from a special origin to a point in the curve. In the case of our annulus sliced from a very long tube, the chosen origin coincides with the central axis of the tube and r is the radial distance from this origin to a point on the surface of the tube ( Fig. 2A) . For the special case of a circular annulus r = p (Fig. 2B) .
Dividing both sides of equation 4 by El and noting that r2 = x2 + y-we obtain: impossible to produce any bending. In our onehalf annulus of the thin-walled tube, irrespective of the value E, we know that I is very small and therefore El is small. The wall will bend more easily for given E and bending moment than the wall of a thicker tube.
Although the preceding statements have considerable intuitive appeal, we need a more meaningful quantitative expression in the form of a solution to equation 1 for the special case of our annulus. Here we face difficulties. First, our annulus is not a straight beam but a curved one, i.e., it has an initial curvature in the unstressed state and its change in curvature under load is not described by equation 1 which was derived for the case of initially straight beams. Fortunately, our annulus is also very thin, a special case for which, as we have noted already, the expression for the change in curvature reduces to equation 1. Then, because we apply a uniformly distributed load (P), we do not have a case of constant M as in pure bending of the ruler or even a linearly changing M as in the cantilever beam. Instead, our curvature is a complicated function with its radius changing at every point in the curve. Moreover, we have not only finite but large deflections and the analytical relationship is given by a nonlinear differential equation (1) for which there is no general solution:
From this expression we see that, in a set of rectangular coordinates, the representation of the bending moment as a function of P and the where k is a constant of integration. We now have two equations, 3 and 4A, for the curvature of our annulus. Equating the right hand side of 3 to the right hand side of 4A results in:
an equation which expresses the coordinates of each point (x, y) of the annulus for given values of P, E and I. The expression P (x 2 + y 2 ) on the right hand side of equation 5 is twice the bending moment for each point on the annulus under load. Moreover, we need not restrict ourselves to the one-half annulus we used earlier while introducing the appropriate terminology, because equations 4, 4A and 5 are equally valid for a beam bent into a closed circle.
The area circumscribed by our annulus (equivalent to the cross-sectional area of the tube) is given, as for any closed curve (3) by:
where s is the distance along the perimeter of the curve. Similarly, the perimeter is given by (3):
Professor Yu Chen, Department of Mechanics and Material Science, Rutgers University, brought this development to our attention.
(7)
By obtaining almost instantaneous solutions of equation 5 in a general purpose analog computer, 5 we have generated a large family of closed curves for different values of P over a wide range of variation of the parameters E and I. Solution of equations 6 and 7 provided, respectively, the values of area and perimeter for each closed curve. We will present a correlation of these results with those we have obtained from experiments with veins and other elastic tubes. It is of interest to note that Greenhill (4) in 1898 used elliptic integrals to obtain closed-form solutions for an expression similar to equation 4 and was able to predict the shapes of collapse of tubes traversing boilers under pressure. In his article, solutions for changes in the parameters of the system required about 30 pages of mathematical manipulations.
EXPERIMENT
The general protocol of the experiment consisted of distending veins and thin-walled latex tubes by infusing liquid into them at a constant volume flow rate (Q) so that the volume (V) at any instant of time (t) was: = Qt. An integrator in a general purpose analog computer started simultaneously with a calibrated constant delivery rate infusion pump and provided a ramp whose slope was equal to the rate of injection (0.005 ml/sec). The voltage at the output of the integrator was proportional to the instantaneous volume. The reference volume (V o ) was taken as the measured volume of the fluid in the tube at P = 0. The general purpose analog computer also performed "on line" the arithmetic operations: (V-V o )/V o and prp e = P which were recorded in an x-y plotter. As the curve was being produced, the derivative of (VVo)/V o with respect to P was simultaneously generated by the analog computer and displayed versus P.
We used the inferior vena cava of mongrel dogs weighing approximately 20 to 22 kg. Two typical segments were used: (1) the intrathoracic segment, free of branches but short (average length: 4.5 cm; h/r -0.08); and (2) the abdominal segment from the hepatic veins to the iliac bifurcation, longer (average length: 15 cm: h/r -0.1) but having multiple branches. Less frequently, we examined the behavior of the entire inferior vena cava after ligating all of its side branches (average length: 23 cm; h/r along its length varied from 0.1 to 0.07). The animal was anesthetized with pentobarbital (30 mg/kg), killed, and the veins were isolated and removed immediately, preserving their physiological longitudinal tension by using the device in Figure 3 . They were then transferred to a bath (temp = 37°C) containing Ringer's solution (K, 4 mEq/liter; Na, 147 mEq/liter; Cl, 155.5 mEq/liter; Ca, 4.5 mEq/liter), that had been equilibrated with oxygen without added carbon dioxide. One of the end-pieces supporting the vein was attached to a strain-gauge force transducer (Statham UL3-UL4). When the center stem of the device was removed, the output of the gauge was proportional to the physiological longitudinal tension. In the intrathoracic segments, it averaged 0.08 X 10 6 dynes. For the abdominal segments, with their natural attachments to side branches removed, we are not certain of the meaning of the absolute values of our measurements. Certainly, they were meaningless in the surgically excised entire inferior vena cava. The segments were studied at their physiological tension and at their completely relaxed state.
Pressures were recorded as gauge pres-
u s i r i S linear variable differential transducers (Hewlett-Packard 268) and Brush carrier amplifiers. A Pace P7D variable reluctance transducer with a full-scale sensitivity of 5 mm Hg was used to expand the resolution of the system around zero P. The transducers measuring the internal and external pressures were aligned with a datum plane chosen as the central axis of the tube submerged in the bath. When the tube was open to the bath, the output of the network subtractin g the outputs of the transducers measuring the internal and external pressures was zero (P = 0). When the tube was connected to the infusion pump and the internal pressure changed during distension, the output of the network was either positive or negative with respect to zero P. The curves were obtained by removing first the reference volume (V o ) and then distending the vein at the prescribed rate of infusion, using the same solution as in the bath. During calibrations and experiments, the signals were conditioned by operational amplifiers in the analog computer and displayed continuously in its digital voltmeter. Excellent signal-to-noise ratio and stability of high performance electronics, together with the reading capability of the digital voltmeter (1 mv), permitted a resolution approaching 0.1 mm Hg.
To minimize the effects of the time and rate dependence of our biological material, the volume rate of distension was kept small (0.005 ml/sec). Before beginning a test, several cycles of distension and flattening were repeated in the hope of minimizing the effects of the memory dependence of the material (5). Once that a reasonable reproducibility was obtained, the test was begun. With the assumption that, to a first approximation, these effects had been minimized in our experiment, we define a volume compliance (C v ) by using a total instead of a partial derivative:
After obtaining the pressure-volume (P-V) curve, we cemented radiopaque markers of negligible mass along a perimeter at the center of the vessel (Eastman 910 adhesive). Much patience and concentration were necessary to prevent formation of a continuous ring of cement and to allow for sufficient separation between markers to avoid contact with one another during the various phases of inflation. We then repeated the P-V curve to ascertain that the markers or the cement or its solvent did not add any significant mechanical load to the wall. All questionable experiments were discarded. With the vessel under a 35-mm cinefluorographic camera, we filmed 45°' oblique projections of the marked cross section together with a calibrating square while the P-V curve was being obtained. The variation in P was simultaneously filmed on each frame by the internal oscilloscope of the camera. During processing of the data, magnification and distortion were corrected with an optical system using the calibrating square as reference. Accuracy of readings for area (A) and perimeter (s) was within 10 percent.
Thin latex tubes manufactured to our specifications 0 with different h/r were also assayed. In the computer the value of the parameters E and I in the mechanized governing equation was set at the corresponding values measured in veins or latex tubes. The variable P was set at a corresponding experimental value. With these quantities fixed, the values of x and of curvature were allowed to change to obtain a solution by satisfying the boundary conditions, i.e., the curve should be closed and the slope (dy/dx) of its meeting ends should be equal. There was always a unique solution for each value of P. Once that the solution obtained, the values of area (A) and perimeter (s) were read. For the values of El corresponding to latex tubes, the solutions for each value of P occurred at constant perimeter.
For the values of El in veins, boundary conditions could not be satisfied for a constant perimeter. With a model derived for inextensional deflections, the problem became: Given the value of El, find the values of perimeter that will allow satisfaction of the boundary conditions for each experimental value of P (Fig. 4) . The values found for perimeter, and enclosed area, were then correlated with the corresponding measurements in the vein. The contours of the cross-sectional areas of the solution were photographed from the screen of an oscilloscope.
Results
The thoracic segments of inferior vena cava presented minimal problems with leaks during distension, but because of their shortness, they showed significant boundary effects from the rigid end-supporting pieces that resulted in asymmetric contours of their crosssectional areas during bending. The abdominal segments gave rise to leaks more often, had elastic and geometric taper and had complex distributions of stresses at the point of ligature of the side branches. On these longer segments, however, end effects were less evident and symmetrical cross-sectional Circulation Research, Vol. XXVII, December 1970 configurations were obtained in many cases. When using the entire length of the inferior vena cava, we approximated best the assumptions of the long tube of our conceptual model, but our difficulties with complex distribution of stresses increased remarkably. Figure 5 shows two P-V curves and their corresponding P-C v plots for a segment of intrathoracic inferior vena cava (1 = 4.5 cm; r = 0.6 cm; h=0.05 cm; Z/r = 7.5; h/r = 0.08; V o = 2 ml). Rate of inflation: 0.005 ml/sec. Curve A: longitudinal tension = physiological tension -0.08 dynes X 10 6 . Curve B: longitudinal tension =* 0. Note the effect of longitudinal stresses in this short segment as reflected in the difference between the two curves. Note also that peak C v occurs at P -1 mm Hg in the relaxed vein and at P -4 mm Hg when the physiological longitudinal tension was restored. Figure 6 is a P-V plot for a latex tube (1 = 29 cm; r = 0.62 cm; h = 0.053; Z/r = 46.6; h/r = 0.085; E t (tangential) =21 X 10°d ynes/cm 2 ; El -260 dynes/cm 2 ). Note abrupt flattening of P-V curve indicating a sharp delineation between bending and stretching regimes in this tubular structure of much simpler wall composition. Figure 7 shows a plot of P versus change in area (A-A o )/A o of the cross section of the latex tube as obtained from the experiment and a plot of the same variables as obtained from the analytical solutions to our theoretical model for the same values of the parameters E and I. The contours of the real tube obtained from the cinefluorographic studies are superimposed with those generated on an oscilloscope by the solutions to our model. Figure 8 presents similar comparisons for a cross section of a segment composed of the entire length of the inferior vena cava (I -22 cm; average r = 0.6 cm); at the cross section examined (midway between renal veins and bifurcation) h ^ O.02 cm; Z/r36; at the cross section examined h/r -0.033; E t (tangential)-0.5 X 10 6 dynes/cm 2 up to stress levels of 0.02Xl0 (1), we have been unable to relate it to the physical parameters of our system. Therefore, at this time, it should be considered as a mere exercise in curve fitting. Figure 9A shows the correlation between the changes in perimeter in the computer and those measured in the vein (r = 0.98). Figure  9B presents the correlation between the crosssectional areas of the vein and those of the computer solution for corresponding values of P (r = 0.99). Figure 10 shows plots of change in area (A-A o )/A o versus change in perimeter (s-s o )/s o for the vein and for a latex tube demonstrating that during the bending regime, s remains nearly constant in the tube, whereas it changes steadily in the vein.
Discussion
We have first characterized phenomenologically the mechanics of distension of the canine inferior vena cava and of thin-walled . EXPERIMENT
. COMPUTER 5DLUTIDN The characteristic feature common to veins and latex tubes of equivalent thickness-toradius ratio is their property of losing their circular cross section when the transmural pressure approaches zero. Thus, at P = 0 they offer already an approximately oval cross Circulation Reiearcb, Vol. XXVll, December 1970 section with their wall under stresses arising from the effect of gravitational forces upon their own mass. Alexander (6) has described qualitatively this property for veins by stating that their walls are structurally not selfsupporting.
With an increasingly positive transmural pressure, the walls of these thin tubular structures move to assume a circular cross section where internal stresses are presumably relieved. For the inferior vena cava of dogs, this state occurs at the point where its initial volume at zero transmural pressure has almost doubled. The values of transmural pressure between zero and those corresponding to the circular cross section fall within the range of physiological interest for specific segments of the inferior vena cava (7) . For the latex tubes, the circular cross section obtains at a smaller departure from the initial volume at zero transmural pressure and at a lower positive value of transmural pressure.
Our data indicate that the perimeter of the latex tubes remains constant during the changes from oval to circular cross sections and, therefore, that such changes are due exclusively to deflection or bending of their walls. On the other hand, corresponding changes in veins are due to a combination of bending and circumferential stretching of their walls as shown by finite increments in perimeter.
In latex tubes, there is a sharp transition between the regimes of bending and circumferential stretching with a corresponding sharp change in their volume compliance. Because of the subtle combination of bending and stretching occurring in veins, they show a smooth transition between the large volume compliance exhibited during the regime when bending predominates and the more restricted volume compliance of the regime when circumferential stretching becomes dominant.
Using the classical theory of elasticity, we formulate a simplified conceptual model describing the changes in curvature under normal load along the circumference of an annulus of unit length removed from a long, thin-walled, potentially cylindrical tube. We assume that axial bending is negligible at large distances from the end of the tube and keep the simplicity of our model by considering the transverse deflection of our annulus as a case of one-dimensional stress (8) . In this case, the governing equation for a thin beam curved into a circle and subjected to a uniform normal pressure should describe the changes in curvature of our annulus under load and the area within this closed curve should correspond to that of a transverse cross section in our conceptual model.
In the physical world we can meet easily one of the restrictions of our governing equation, i.e., thin-walled structure, but it is only in the case of the latex tubes that we can approximate some of the more serious restrictions (homogeneous, isotropic material of constant elastic modulus). In these tubes we obtain satisfactory correspondence between our experimental results and the solutions of the governing equation for corresponding values of the variable £ and the parameters E and I.
On the other hand, in the case of veins, we should expect differences between analytical and experimental results. The substance of the venous wall is a highly inhomogeneous and anisotropic material of nonlinear elasticity. The effect of length, rigid mounting ends and other boundary conditions are evident in our P-V and £ -C T curves. Even while using long segments, we have difficulties: change in thickness along the axial direction, geometrical taper and anomalous distribution of stresses at the point of ligature of side branches. Finally, there is some uncertainty concerning the accuracy of our measurements of thickness and tangential modulus of elasticity in the relaxed state, as well as that of our cinefluorographic measurements of area and perimeter during inflation. In the face of these departures and uncertainties, the correlation between the changes in curvature and enclosed area predicted by our governing equation and those obtained from our experiments appears as a reasonable first approximation. Perhaps one of the most interesting aspects of this investigation was that for values of El corresponding to latex tubes, the solutions of our governing equation occurred, as in reality, at constant perimeter; whereas for the very small values of El corresponding to veins, the solutions indicated a steady change in perimeter in the same direction as that observed in our experiments.
From experiments we have demonstrated that bending of the walls is either the exclusive or predominant mechanism responsible for changes in cross-sectional area of thin-walled latex tubes and veins undergoing distension in the neighborhood of zero transmural pressure. Opposed to merely descriptive statements such as "free distensibility" (9) used to define the large volume compliance of this region, bending is a phenomenon that can be quantified. To our knowledge Rresch (10) and Kresch and Circulation Research, Vol. XXV11, December 1970 Noordergraaf (11) were the first to describe mathematically the bending mechanism for thin latex tubes and veins. However, they assumed that only bending and not a combination of bending and stretching occurs in veins.
Using the theory of elasticity, we propose a simplified model that provides a reasonable description of the changes in curvature of an annular cross section of a long thin tube under uniformly distributed pressure. Under certain conditions, our mathematical relations predict the approximate behavior of similar cross sections in veins. These relations could also apply to other biological tubes such as specific segments of the airways and pulmonary vessels (12, 13) . However, we must emphasize that our model is only a first step toward a more rigorous quantitative description of the "filling" phase proposed by Brecher (14) and Alexander (6) among other students of the venous system. Further work is required to extend our theoretical predictions for changes in curvature and enclosed area in an annular section to the adjacent annuli along the length of biological tubes. Only this extension could predict accurately the changes in volume of the tube during inflation about zero transmural pressure. This would require consideration of large deflections for a nonlinear, threedimensional state of stress (5) , which our simple model does not include. Even when this is achieved, the results will still be restricted to excised veins and any extension to veins "in s-itu" in the living subject would need further experimental proof and even the development of new tools of investigation.
